CHUONG 13 : GIAI PHUONG TRINH VI PHAN

§1.BAl TOAN CAUCHY

Mot phuong trinh vi phan cap 1 c6 thé viét dudi dang giai dugc y’ = f(x,y) ma ta c6
thé tim dugc ham y tr dao ham cta n6.Tén tai vo s6 nghiém thod man phuong trinh
trén.Moi nghiém phu thuoc vao mot hiang s6 tuy y.Khi cho trude gid tri ban diu ctay la 'y,
tai gia tri dau x, ta nhan duoc mot nghiém riéng ctia phuong trinh.Bai toan Cauchy ( hay bai
toan c6 di€u kién dau) tom lai nhu sau : cho x sao cho b > x > a,tim y(x) thoa man di€u kién

{y'(x) =1(x,y) (1)

y(a)=a
Nguoi ta ching minh rang bai toan nay c¢6 mot nghiém duy nhat néu f thoa man diéu
kién Lipschitz :
f(xy,) - f(x.y,)
v6i L 1a mot hang s6 duong.
Nguoi ta cling chiing minh rang néu ', ( dao ham cua f theo y ) la lién tuc va bi chan
thi f thoa man di€u kién Lipschitz.
Mot cach téng quat hon,ngudi ta dinh nghia hé phuong trinh bac 1 :
Y1:f1(X ’yl’Y2 """ yn)

Y, =f2(X Yy, y,)

<L ‘yl_yz‘

Yo=fa(Xyp Yy y,)
Ta phai tim nghiém y,,y,,...,y, sao cho :

{Y’(x):f(x,Y)

Y(a)=a
_ i £, Yi
Yr _ F — Y =|.
Ya £, Ya

Néu phuong trinh vi phan c6 bac cao hon (n),nghiém s& phu thuoc vao n hang s6 tuy
y.Dé nhan dugc mot nghiém riéng,ta phai cho n diéu kién dau.Bai todn s& ¢ gia tri diu néu
véi gia tri x, da cho ta cho y(x,),y'(X,),y"(X,),-....

Mot phuong trinh vi phan bac n ¢6 thé dua vé thanh mot hé phuong trinh vi phan cap
1.Vi du néu ta ¢6 phuong trinh vi phan cip 2 :

y" =f(x%y.y")
y@ =oa - y'(a) =B

Khi datu =y va v=y’ ta nhan dugc hé phuong trinh vi phan cap 1 :
u'=v
v =g(x,u,Vv)

tGi diéu kién dau : u(a) = o va v(a) =
Céc phuong phap giai phuong trinh vi phan dugc trinh bay trong chuong nay la
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cdc phuong phép rdi rac : doan [a,b] duoc chia thanh n doan nhd bang nhau dugc goi
la cac "budc” tich phanh=(b-a)/n.

§2.PHUONG PHAP EULER VA EULER CAI TIEN

Gia su ta c6 phuong trinh vi phan :

y'(x)=f(x,y)
1
{y(a) =a W

va can tim nghiém ctia n6.Ta chia doan [x,,x | thanh n phin béi cdc di€ém chia :
XO < X] < X2 <..< Xn =X
Theo cong thic khai trién Taylor mot ham 1an can x; ta c6 :

2y 3y
X. - . X. X. — . XA
y(XHl) ZY(X1)+(X1+17X1)Y'(X1) +( i+l X; y ( 1) +( i+1 Xlé y ( 1) o

Néu (x,,, - x;) kha bé thi ta c6 thé bd qua céc y

s0 hang (x,,, - x;)* va c4c s6 hang bac cao
Y(Xi) = y(Xp) + Xip- Xl) y'(x))

Truong hgp cac moc cach déu : (x;; - x;) =h

= (X - X,)/ n thi ta nhan dugc cong thitc Euler f

NN

don gian :
Yier =i + hi(x;,y) (2)

Vé mat hinh hoc ta thay (1) cho két qua cang —%—
chinh x4c né€u budc h cang nho.Dé tang do . Vist
chinh x4c ta c6 thé dung cong thitc Euler cai h
tién. Trudc hét ta nhéc lai dinh 1i Lagrange: X; Xitt X
Gia sut f(x) la ham lién tuc trong[a,b] va khd

vi trong (a,b)thi cé it nhdt moét diém c €(a,b)

dé cho :

f(b) —f(a)

f'(c) =

Theo dinh Ii Lagrange ta c6 :
y(Xi) = y(x;) + hf(c;, y(c;))
Nhu vy véi ce(x;,X;,;) ta c6 thé thay :

1
f(c;,y(c;) = E[f(xi 2Yi) (X, Y )]

Tir d6 ta c6 cong thic Euler cai tién :
h 3
Yin :yi+27[f(xi’yi) +f(xi+1’yi+l)] ©)
Trong cong thic nay gid tri y;,; chua biét.Do do khi da biét y, ta phai tim y,,, bang cich giai
phuong trinh dai s6 tuyén tinh (3).Ta thuong giai (3) bang cédch lap nhu sau:trude hét chon

x4p xi ddu tién cha phép lap y\%)chinh 1a gid tri y,,, tinh duoc theo phuong phdp Euler sau

dé dung (3) dé tinh céc y\¥ ,cu thé Ia :

yg?—)l =y; +hf(x;,y;)

S h S—
YE+)1 =Yi "'E f(x;,y;)+ f(XHl,ngl))
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Qua trinh tinh két thiic khi y!® dt gan y*"

1

Chuong trinh giai phuong trinh vi phan theo phuong phap Euler nhu sau :

Chuong trinh 13-1

/Ipp_Euler;

#include <conio.h>
#include <stdio.h>
#include <math.h>

float f(float x,float y)
{
float a=x+y;
return(a);
}
void main()
{
int i,n;
float a,b,t,z,h,x0,y0,c1,c2;
float x[100],y[100];
clrscr();

printf("Cho can duoi a =");
scanf("%f",&a);

printf("Cho can tren b =");
scanf("%f",&b);

printf("Cho so buoc tinh n =");
scanf("%d",&n);

printf("Cho so kien x0 =");
scanf("%f",&x0);

printf("Cho so kien yO =");
scanf("%t",&y0);

printf("\n");

printf("Bang ket qua\n");
printf("\n");

printf("Phuong phap Euler\n");
h=(b-a)/n;

x[1]=x0;

y[1]=y0;

printf(" x y");
printf("\n");

for (i=1;i<=n+1;i++)

{
x[1+1]=x[1]+h;
yli+1]=y[i]+h*f(x[i],y[i]);
printf("%3.2f%16.3t" x[i],y[1]);
printf("\n");

}
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printf("\n");

getch();
printf("Phuong phap Euler cai tien\n");
printf(" x y");

printf("\n");
for (i=1;i<=n+1;i++)
{
x[1+1]=x[1]+h;
cl=h*f(x[il,y[i]);
c2=h*f(x[i]+h,y[i]+c1);
yli+1]=y[i]+(c1+c2)/2;
printf("%3.2f%15.5¢" x[i],y[i]);
printf("\n");
}
getch();

Vé6i phuong trinh cho trong function va diéu kién dau x, = 0,y,= 0, nghiém trong
doan [0,1] v6i 10 diém chia la :

X y(Euler) y(Euler cai tién)
0.0 0.00 0.00
0.1 0.00 0.01
0.2 0.01 0.02
0.3 0.03 0.05
0.4 0.06 0.09
0.5 0.11 0.15
0.6 0.17 0.22
0.7 0.25 0.31
0.8 0.34 0.42
0.9 0.46 0.56
1.0 0.59 0.71

§3.PHUONG PHAP RUNGE-KUTTA

Xét bai toan Cauchy (1).Gia st ta da tim dugc gia tri gan ding y; cla y(x;) va mudn
tinh y;,, cua y(X,,,).Trudc hét ta viét cong thiic Taylor :

2 m (m+1) 11

Y(Xi_H) :y(xl) +hy’(Xi) +1’217y”(xi) +"'+rl:l! y(m)(Xl) +(r11’11+1)! y(m+1)(C) ( )
véi ¢ €(X;,X;,;) va :

y'(x) =f[x,y(x)]

k-1

y¥(x) - Cka_l[f(x YOOI

Ta viét lai (11) duéi dang :
h2 hm (m) h(m+1) (12)

s " (m+1)
yi+1_yi:hyi+7yi+m+m! yi +(m+1)' y (C)

Ta da kéo dai khai trién Taylor dé két qua chinh x4c hon.Dé tinh y',,y”; v.v.ta c6 thé dung
phuong phép Runge-Kutta bang cach dat :
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_ (1) (i) (i) i)
Vi Y=k ko triky ok

trong do :

(13)

k{’=hf(x,y,)
k(zi) = hf(Xi +ah .y + akii))
kgi) _ hf(Xi +bh .y, + kai) + Yk(zi))

(14)

va ta can xac dinh cdc hé so a,b,..;a,B,7,...; 11,65,..sa0 cho v€ phai cta (13) khac véi v€ phai
cua (12) mot vo cung bé cap cao nhit c6 thé ¢ doi véi h.
Khi dung cong thitc Runge-Kutta bac hai ta c6 :

k" =hf(x.y,) (15)
k(zi) = hf(Xi +ah Yot akio)
va Y~ ¥ n k{i) Y k(zi) (16)
Tacé: y'(x) = f[x,y(x)]

y"(x) = £,[%y()] +£,[%y(x)]y'(x)

Do dé6 vé€ phai ctia (12) 1a :
2
BECGY,) D16, (Y +5(x0y) Y00+

Mat khac theo (15) va theo cong thic Taylor ta c6 :
O-hf(x.y,) =hy;

(17)

Do d6 vé€ phai cta (16) 1a :

h(r,+r,)f(x,.y,) +h’[ar,fi(x,.y,) +ar, Y, £ (X y)] +--
Bay gid cho (17) va (18) khdc nhau mot vo cung bé cap O(h®) ta tim duoc cac hé so6 chua
bi€t khi can bang céc s6 hang chia h va chita h? :

r+r,=1

ar,=1/2

or,=1
Nhuvay: a=ar =(2a-1)/2ar,=1/2a véiaduoc chon bat ki.
Néua=1/2thir, =0 var, = 1.Lic nay ta nhan dugc cong thic Euler.Néua=1thir, =1/
2 var, = 1/2.Luc nay ta nhan dugc cong thiic Euler cai tién.

Mot céach tuong tu ching ta nhan duoc cong thitc Runge - Kutta bac 4.Cong thiic nay

hay dugc dung trong tinh todn thuc té :

k;, = h.f(x,y;)

k, = h.f(x;+h/ 2,y; + k,/ 2)

k; = h.f(x;+h/ 2,y; + k,/ 2)

k, = h.f(x;+h,y; + k3)

Yier =i+ (K + 2k, +2k; + k) / 6
Chuong trinh giai phuong trinh vi phan bing cong thitc Runge - Kutta bac 4 nhu sau :

(18)

Chuong trinh 11-2

//Phuong phap Runge_Kautta;
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#include <conio.h>
#include <stdio.h>
#include <math.h>
#define k 10

float f(float x,float y)

{

}

float a=x+y;
return(a);

void main()

{

float a,b,k1,k2,k3,k4;
int 1,n;

float x0,y0,h,e;

float x[k],y[k];

clrscr();

printf("Phuong phap Runge - Kutta\n");

printf("Cho can duoi a =");
scanf("%f" ,&a);
printf("Cho can tren b =");
scanf("%f",&b);
printf("Cho so kien yO =");
scanf("%t",&y[0));
printf("Cho buoc tinh h =");
scanf("%f",&h);
n=(int)((b-a)/h);
printf(" X y\n");
for (1=0;i<=n+1;i++)
{
x[i]=a+i*h;
k1=h*f(x[il,y[i]);

k2=h*f((x[1]+h/2),(y[i]+k1/2));
k3=h*f((x[1]+h/2),(y[i]+k2/2));

k4=h*f((x[i]+h),(y[i]+k3));

yli+1]=y[i]+(k1+2*k2+2*k3+k4)/6;
printf("%12.1f%16.4f\n" x[i],y[i]);

}
getch();

Két qua tinh toan v6i f=x +y,h=0.1,a=0b=1y,=11a:

X
0.0
0.1
0.2
0.3
0.4

y
1.0000

1.1103
1.2427
1.3996
1.5834
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0.5
0.6
0.7
0.8
0.9
1.0

1.7971
2.0440
2.3273
2.6508
3.0190
3.4362
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